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This paper is a sequel to the preceding one with the same title published 
in these Proceedings (Note I, Vol. LXIX p. 515-531). The contents of the 
first note are assumed to be known. References are in alphabetical order 
in each paper, but they as well as the sections are numbered con-
secutively throughout this series. The material presented will consist, 
in part, of the principal results of the author's doctoral dissertation 
directed by Prof. P. L. Butzer to whom the author is indebted for his 
kind and valuable guidance during a period of several years. 
4. The singular integral of Gauss-Weierstrass 
As a first example to the general theory presented in Note I we treat 
the singular integral of Gauss-Weierstrass already considered in section 1 
((1.5), Note I). We recall that it is defined for f ELp(En), 1<,p<oo, and 
for all x E En and t>O by 
(4. 1) W(f· x· t) = - 1- f f(x-u) e-<114t>u' du 
' ' ( 4nt)nl2 E"' • 
If we set e= (2[t)-1 and w(u) = 2nl2 exp { -u2} then (4.1) is of the form 
(1.4), so that the approximation 
(4.2) lim [[W(f; ·; t) -f( · )[[p=O 
t-+0+ 
follows by (1.3) (ii). 
If, for 1 .;;;.p.;;;.2, we apply the Parseval formula (1.10) and the relation 
(2.8) to (4.1) we obtain 
(4.1*) W(f·x·t)=-1- Je-tv'ei<a:.v>f"'(v)dv 
' ' (2n)"12 E"' ' 
which indicates the important role which the integral (4.1) plays in the 
summation of multiple Fourier series [25] as well as in the inversion 
formula for Fourier integrals in several variables [6, p. 61]. 
Let it be said that the approximation (4.2) can be interpreted from 
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a physical point of view, too. Indeed, it is a well-known fact that (4.1) 
is the solution of the following initial value problem of the heat equation: 
(4.3) ) () " ( () )2 ()t {u(x, t)} = i~1 ()xi {u(x, t)} 
lim llu( ·, t)- f( • )llp=O. 
t-?0+ 
(xEE"; t>O) 
Thus the problem concerning the rapidity of the convergence of the 
singular integral ( 4.1) to the function f may be interpreted as to how 
rapidly the solution of (4.3) varies from the initial value f. 
Regarding the saturation of the approximation (4.2) we have the 
following result in case p = 1. 
Theorem 4.1: Let f E LI(E"). 
a) The approximation II W(f; · ; t)- f( ·)III= o(t) as t --+ 0 +implies f(x) = 0 a.e. 
b) The following relations are equivalent: 
(i) II W(f; · ; t)- f( ·)III =O(t) (t--+ 0+ ); 
(ii) there exists a bounded measure p, such that the representation 
(4.4) 
holds for every v E En. 
Proof: By (2.8) we have w"'(v)=exp { -!v2}. (See also (5.5) and 
[30, p. 29 (10)]). Thus 
(4.5) lim [e"w(e. )]"' ~v) -1 = lim w"' (2lf v) -1 = - v2, 
e_..oo (2e) t-?0+ t 
i.e.: the condition (3.1) is satisfied with 9'(e)=(2e)-2 = t and 'IJ'(V)= -v2. 
The proofs of part a) and b), (i) ==> (ii), therefore follow from part a) 
and b) of Theorem 3.1. 
Instead of evaluating (3.2) we will here prove the remaining direct 
part of the preceding saturation theorem along the following simple lines. 
If the representation (4.4) holds we have 
t 
[W(f; ·; t)- f( · )]"'(v) = (e-t"' -1) /"'(v) = f { e--rv' ,u"'(v)} d-r= 
0 
t t 
= f [W(dp,; · ; -r)]"'(v) d-r= [ f W(dp,; · ; -r) d-r]"'(v), 
0 0 
where the interchange of the order of integration in the last equality is 
permissible by Fubini's theorem since 
t 
f IIW(dp,; ·; -r)III d-r:.;;;t f idfki· 
0 E" 
Here W(dp,; x; t), according to (4.1), is defined as the Gauss-Weierstrass 
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integral of the bounded measure f-l· Obviously W(df-l; x; t) E L1(En) and 
[W(df-t;·; t)Y'(v)=exp { -tv2}J-l"'(v) for all t>O. 
Thus by the uniqueness theorem for Fourier transforms we obtain for 
every fixed t almost everywhere 
t 
(4.6) W(f; x; t)- f(x) = J W(df-l; x; r) dr, 
0 
from which the approximation formula of part b) (i) immediately follows. 
For another proof of the last part, the so-called direct part of the preceding 
theorem, one may consult Theorem 8.1 of section 8 in the third note of 
this series. 
Theorem 4. 2: Let f E Lp(En), 1 <p<,2. 
a) The approximation IIW(/;·;t)-/(·)llp=o(t) as t----'>-0+ implies f(x)=O 
a.e. 
b) The following relations are equivalent: 
(i) IIW(f;.; t)- f(. )liP =O(t) (t----'>- 0 +); 
(ii) there exists a function g E Lp(En) such that the representation 
(4. 7) -v2t'(v) = g"'(v) 
holds for almost all v E En. 
Proof: In view of (4.5), part a) and b), (i) =>- (ii), immediately follow 
by Theorem 3.2. To prove part b), (ii) =>- (i), we use essentially the same 
method of proof as above. If (4.7) holds then by the convolution theorem 
we have almost everywhere 
t t 
(4.8) [W(f; · ;t)-/(·)Y'(v)= J [W(g; · ;r)Y'(v)dr = [ J W(g; ·; r) dr]"'(v). 
0 0 
Here in case 1 < p < 2 the last equality- the interchange of the operation 
of performing the Fourier transform and integration with respect to the 
parameter r- is somewhat more complicated. It is given by 
Lemma 4.1: Let g E Lp(En), 1 <,p<,2. Then 
t t 
(4.9) J [W(g; · ; r)]"'(v) dr= [ J W(g; ·; r) dr]"'(v), 
0 0 
the Fourier transforms being understood in Lp-space. 
Proof: The method of proof will be essentially similar to that with 
which e.g. G. WEISS [23, p. 32] proved the convolution theorem in L2(En)-
space. It may be used in many other situations if one has to carry over 
certain properties of Fourier transforms in L1(En)-space which often are 
very easy to verify, to those in Lp(En), 1 <p<,2. 
For p= 1 the relation (4.9) immediately follows by Fubini's theorem. 
Regarding 1 < p < 2, if g E L1 n Lp, then the Fourier transform of g in 
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k_-space almost everywhere equals its Fourier transform in Lp-space and 
the interchange in (4.9) follows again by Fubini's theorem. If only 
g E Lp(En) then there exists a sequence of functions {!lm} C L1 n Lp such 
that lim ll!lm( ·)-g( · )lfp = 0. By Titchmarsh's inequality we have with 
m-+oo 
p-l+q-1= I 
llg"'( · )-gm"'( · )llq<llg( · )-gm( · )lfp=O(l) (m--+ oo). 
By a well-known theorem in integration theory there therefore exists 
a subsequence such that lim !lm; "'(v) = g"'(v) a.e. Since by the Holder-
;.....,.oo 
Minkowski inequality [31, p. 148, (6.13.9)]: H W(g; x; -r)d-r E Lp(En) we 
obtain by Titchmarsh's and the Holder-Minkowski inequality 
Again there exists a subsequence such that almost everywhere 
t t 
lim [ J W(gmil; · ; -r) d-r]"'(v) = [ J W(g; ·; -r) d-r]"'(v). 
1-+00 0 0 
Since the desired interchange for the !lm was already proven we finally 
obtain 
t t [J W(g; ·; -r) d-r]"'(v) =lim [J W(!lm;1 ; ·; -r) d-r]"'(v) = 
0 1-+00 0 
t 
= lim J [W(gm. ; · ; -r)]"'(v) dr. = 11 1-+00 0 
t t t 
= lim { J e-Tv' d-r} !lm':; (v) = { J e-Tv' d-r} g"'(v) = J [W(g; · ; -r)]"'(v) d-r, 
1-+00 0 1 0 0 
which establishes (4.9). 
From (4.8) we obtain by the uniqueness theorem for Fourier transforms 
in Lp(En) that for fixed t almost everywhere 
t 
(4.10) W(f; x; t)-f(x)= J W(g; x; -r)d-r. 
0 
Finally by the Holder~Minkowski inequality we have 
t 
IIW(f; · ; t)- f( • m" < J IIW(g; · ; -r)llpd-r..;;; tllg( · )ll:o, 
0 
giving the desired result. 
Again we may mention that another method of proof of part b), 
(ii) ==> (i), is indicated by Theorem 8.1 of Note III. Note that in the 
latter proofs the uniqueness theorem takes the place of an inversion 
theorem, a fact which may also be used to simplify the proofs of the 
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one-dimensional case as well as of some classical theorems in the theory 
of Fourier transforms. 
So far we didn't need to check as to whether the conditions (3.2) or 
(3.3) are satisfied. So it is important that we may also avoid these con-
ditions if we wish to prove Theorem 3.3 for the singular integral (4.1). 
Indeed 
Theorem 4. 3 : Let f E Lp(En), 1 < p < 2, and let there exist a function 
g E Lp(En) such that the representation - v2t'(v) = g"'(v) holds (a. e. in case 
1 <p<,2). Then 
(4.11) lim IIW(f;·;t)-f(·) -g(·)ll =0. 
t-+O+ t P 
Proof: In view of the preceding proofs the assumptions imply the 
representation 
t 
W(f;x;t)-f(x)= f W(g;x;r)dr 
0 
a.e. for every fixed t. Therefore we obtain by Fubini's theorem or the 
Holder-Minkowski inequality, respectively, 
II W(f; ·; :) - /( ·) -g( ·)II<~ hw(g; · ;r)-g( · )llpdr< supiiW(g; · ;r)-g( ·)liP, 
p 0 O<r<t 
from which (4.11) follows by (4.2). Note that in view of part a) of 
Theorem 3.1 and 3.2 the converse of Theorem 4.3 is also true. Since the 
assumptions of Theorem 3.4 are satisfied -in fact, the convergence in (4.5) 
is bounded in every finite interval and thus we may refer to Remark 3.2-
we may apply the theorem to (4.1). Summerizing our results on the 
singular integral (4.1) we obtain 
Corollary 4.1: The singular integral (4.1) of Gauss-Weierstrass is 
saturated in Lp(En), 1 < p < 2, with order O(t). The corresponding Favard 
class is precisely characterized as the class of functions f E Lp(En) which 
satisfy anyone of the following equivalent conditions: 
(i) IIW(f;·; t)-/(·)llp=O(t) (t --+ 0 +); 
(ii) there exists for p = 1 a bounded measure fh and for 1 < p < 2 a function 
g E Lp(En) such that 
(4.12) -v2f"'(v) =fh"'(v) for all v E En; -v2f"'(v) =g"'(v) a.e.; 
(iii) the functions t-1{W(f; x; t)-f(x)} converge weakly* as t--+ 0+; 
(iv) for 1<p<,2 the functions t-1{W(f; x; t)-f(x)} converge strongly as 
t --+ 0 + . For p = 1 the strong convergence of these functions characterizes 
only that subclass of the Favard class for which the measure fh in the 
representation (4.12) is absolutely continuous. 
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For a further characterization of the Favard class of the singular 
integral of Gauss-Weierstrass we may refer the reader to Theorem 7.2 
of Note III. We may also mention that every function which has con-
tinuous second order derivatives in Lp(En), l.;;;p.;;;2, belongs to the 
saturation class of the singular integral ( 4.1) since 
[ n ()2f ]"' 
.L -.2 (.) (v) =- v2 f"'(v). 
'=1 OXJ 
Note that for every such function we have by Theorem 4.3 the following 
relation 
( 4.13) lim ''W(f;·;t)-f(·)- :± o2f2(·)11 =0. 
t->O+ t i=lOXJ P 
As was first pointed out in [28] and established rather generally in the 
one-dimensional periodic situation there is a close connection between 
the saturation theorems of singular integrals of convolution type and 
limit-relations such as (4.13) (See also section 8 in Note III). 
As a consequence of the preceding corollary we have that for I< p.;;; 2 
the functions t-1{W(f; x; t)-f(x)} converge strongly as t-+ 0-f- if and 
only if they converge weakly* as defined by (3.15) and (3.16). As already 
mentioned in section 3 this is a new contribution to the one-dimensional 
theory for the general singular integral (1.1), too. But for the particular 
example of the singular integral of Gauss-Weierstrass this result is, on 
account of its semi-group property [32, p. 678], fairly well-known. Indeed, 
the W(f; x; t) constitute a semi-group of class (Oo) [35, p. 236] and an 
application of a well-known theorem on such semi-groups [35, p. 239] 
shows that for all l .;;;p.;;;2 the functions t-l{W(f; x; t)-f(x)} converge 
strongly as t-+ 0 + if and only if they converge weakly [21, p. 208], 
[35, p. 120]. For l <p<; 2 this implies our result stated above. Moreover, 
we now obtain for p= l, that the weak* convergence of these functions 
precisely describes the whole of the Favard class of the singular integral 
(4.1), whereas the weak, in distinction to the weak*, convergence charac-
terizes only that subclass of the Favard class for which the measure p, 
in the representation ( 4.12) is absolutely continuous. 
For all details of the treatment of the one-dimensional situation via 
semi-group theory we refer to papers of P. L. BuTZER [26], [27], H. G. 
TILLMANN (27] and K. DE LEEUW (33]. 
5. The singular integral of Cauchy-Poisson 
In this section we will extend the results given by P. L. BuTZER in [9], 
who studied the two-dimensional singular integral of Cauchy-Poisson and 
suggested the method upon which a general theory in n-dimensions, as 
given in Note I, might be developed. 
Let us consider Dirichlet's problem for the (n +I)-dimensional half-
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space En+I,+ = {(x, y): x E En, y > 0} which calls for a solution u(x, y) of 
the boundary value problem 
(5.1) ) { 
71 ~2 ~2 } 
.I 'i"2 + 'i""2 u(x, y) = 0 
j=l UXj uy 
u(x, 0) = f(x), 
where the preassigned boundary value f E Lp(En), 1 <.p<oo, is attained 
in the form 
(5.2) lim JJu( ·, y)- f( • )JJp= 0. 
1/-->-0+ 
It is well-known that the solution of this problem is given by the 
singular integral of Cauchy-Poisson for the boundary value f: 
(5.3) T((n + 1)/2) y P(f; x; y) = :n;<n+ll/2 E[ f(x- u) (u2 +y2)<n+Il/2du, 
which is of the form (1.4) if we set 
1 2"'2T((n+1)/2) 1 
(! = y; p(u) = pi (1 +u2)<n+ll/2" 
So if we consider the approximation of the integral (5.3) to f we at 
the same time discuss the behaviour of the solution of (5.1) on the boundary 
y = 0. The existence of a saturation order in particular shows that· if the 
solution of (5.1) tends too rapidly in the norm of the space Lp(En) towards 
the boundary value f as y --+ 0 + , then this boundary value f must neces-
sarily vanish a.e. 
Theorem 5.1: Let jELp(En), 1.;;;.p.;;;.2. 
a) The approximation IIP(f; · ; y)- f( ·)liP= o(y) as y --+ 0 + implies f(x) = 0 
a.e. 
b) The following relations are equivalent: 
(i) IIP(f;.; y)- /(.)lip =O(y) (y--+ 0+ ); 
(ii) there exists for p = 1 a bounded measure p, and for 1 < p <. 2 a function 
g E Lp(En) such that 
(5.4) -lvlf'"'(v)=p,"'(v) for all v EEn; -lvlf"'(v)=(('(v) a.e. 
Thus the singular integral of Cauchy-Poisson is saturated in Lp(En), 
1 .;;;.p.;;;.2, with order O(y). The corresponding Favard classes are precisely 
the classes of functions fin L1(En) or Lp(En}, 1 <p<;.2, for which the repre-
sentations (5.4}, respectively, hold. 
Proof: A well-known theorem in the theory of Fourier transforms 
in L1(En) states that the Fourier transform of a radial function is again 
radial [6, p. 69]. Iff E L1(En) is radial, i.e. if there exists a function ~(r), 
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defined on 0 .;;;;r<oo, such that f(x) =(/)(ixi) a.e., then the Fourier transform 
r of t is given by the formula 
(5.5) 
00 
r(v) = lvl-(n-1)/2 s r(n-1)/2 (l)(r) (lvlr)1/2 J(n-2)/2(1vlr) dr, 
0 
the integral being the Hankel transform of order (n- 2)/2 of the function 
{r<n-1)/2(/)(r)} [30, p. XI]. J:t(r) denotes the Bessel function of order A.. 
If we use this result to evaluate the Fourier transform of the function 
p(u) we obtain by [30, p. 24 (19)]: p"(v)=exp { -lvl}· Thus 
lim [enP(e. )];(v) -1 = lim p"(yv) -1 =-I vi, 
(1-+00 I! 11-+0+ y 
i.e. the condition (3.1) is satisfied with q;(e)=e-1 - y and "P(v)= -lvl. 
The proofs of part a) and b), (i) ==> (ii), therefore follow from part a) 
and b) of Theorem 3.1 and 3.2. 
The proof will be completed as in section 4. If the representation (5.4) 
holds we have for p = 1 by the convolution and Fubini's theorem 
11 11 
[P(f;·;y)-f(·)r(v)= S e-Tiv 1 ~t"'(v)d-r= S [P(d~t;·;-r)r(v)d-r= 
0 0 
11 
= [ J P(d~t;·; -r)d•r(v) 
0 
for all v E En, where P(d~t; x; y), according to (5.3), denotes the Cauchy-
Poisson integral of the bounded measure #· For 1 <p<;2 we have for 
almost all v 
11 11 
[P(f;·;y)-f(·)r(v)= S [P(g;·;-r)r(v)d-r=[ S P(g;·;-r)d•r(v). 
0 0 
Here the interchange of the operation of taking Fourier transform and 
integration with respect to the parameter -r is justified by the argument 
given in the proof of Lemma 4.1. Therefore an application of the uniqueness 
theorem for Fourier transforms gives for fixed y almost everywhere 
11 
(5.6) P(f;x;y)-f(x)= J P(d~t;x;-r)d-r (p= 1) 
0 
and 
11 (5.7) P(f;x;y)-f(x)= J P(g;x;-r)d-r (1 <p.;;;;2), 
0 
from which the desired approximation JIP(f; ·; y)- f( · )Jip=O(y) as y--+ 0+ 
immediately follows. 
Note that in view of Parseval's formula, (5.3) may also be written 
in the form 
P(f·x·y)= - 1- J e-111vl ei<:z:.v> f"(v) dv 
' ' (2:n;)n/2 E"' ' 
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which shows its close connection to Abel-summability of multiple Fourier 
series [34]. 
As in the case of the singular integral of Gauss-Weierstrass we may 
furthermore conclude from (5.6) and (5.7) that for every f E Lp(En), 
1.;;; p.;;; 2, for which there exists a g E Lp(En) such that -lvlf"'(v) = g""(v) 
(a.e. in case 1<p.;;;2), we have for almost all x the representation 
'Y 
P(f; x; y)- f(x) = f P(g; x; 1:)d1: 
0 
for every fixed y > 0. This implies 
II P(f;.; ~)- f(.) -g( ·) 11
11 
< ~ ! liP(g; ·; 1:) -g( · )llv do=o(1) (y-+0+), 
i.e. the strong convergence of the functions y-1{P(f; x; y)-f(x)}. Since 
the converse is also true by part a) of Theorem 3.1 and 3.2 and since 
the assumptions of Theorem 3.4 are satisfied we may complete the charac-
terizations of the Favard class of the singular integral (5.3) by 
Theorem 5.2: The Favard class of the singular integral of Cauchy-
Poisson is for 1 .;;; p.;;; 2 precisely characterized as the class of functions 
f E Lp(En) which satisfy one of the following equivalent conditions: 
(i) The functions y-1{P(f; x; y)- f(x)} converge weakly* as y -+ 0 + ; 
(ii) for 1<p.;;;2 the functions y-1{P(f;x;y)-f(x)} converge strongly as 
y -+ 0 +. For p = 1 the strong convergence of these functions charac-
terizes only that subclass of the Favard class for which the measure p, 
in the representation (5.4) is absolutely continuous. 
Again as the singular integral of Gauss-Weierstrass the integral (5.3) 
constitutes a semi-group of class (Oo) so that the remarks at the end of 
section 4 also apply here. See also [9]. 
Finally we will consider the n M. Riesz transforms of a function 
f ELp(En), 1.;;;p<oo, which, following G. WEISS [23], are defined by 
- . F((n+ 1)/2) x1-u1 fi(x) = hm n<n+IJ/2 f f(u) lx-ul"+l du 
t->0 + Jre-ul;;;. • 
(5.8) (j = 1, 2, ... , n) 
and which exist a.e. and again belong to Lp(En) for 1 <p<oo. An equiva-
lent definition may be given in terms of the conjugates of the Cauchy-
Poisson integral [23, p. 76] 
:r • F((n+ 1)/2) x1-u1 
IJ(X) = hm - n<n+l>~ f f(u) (e2+ lx-ul2)<n+ll/2 du. 
S->0 + E,. 
(5.8*) 
For the Fourier transform of i1 we obtain in case 1 <p.;;;2 [23, p. 79] 
[iJ( · )]""(v) = - f;j f""(v) (j= 1, ... , n), 
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which will also be true for p = 1 if we furthermore assume that all 
f1, j = 1, ... , n, again belong to L1(En)1). Thus if we suppose for all 
j = 1, ... , n that f1 is locally absolutely continuous in x1 and has partial 
derivatives ()j()xi f1 E Lp(En), then we have 
Lt ~t; ( · )J~{v) =I vi f~(v). 
Therefore if all the conditions, enumerated above, are satisfied then 
f belongs to the saturation class of the singular integral of Cauchy-
Poisson and 
lim II P(f; . ; y)- f(.) + I () fi (.) II = 0 
y--.-0+ y i~10Xj 'P 
for 1 < p < 2. For a more general result concerning the one-dimensional 
periodic case see [28]. 
6. Spherical Averages 
We call 
(6.1) M (f· x· R) = T((n/2) + 1) f f(x+u) du 1 ' ' nn/2 R" iui.;;;R 
the first spherical average of the function f ELp(En), 1.;;;p<oo, at the 
point x E En with radius R > 0. If we set 
-~· _ {2ni2 T((n/2)+1) lui,;;;; 1} 
e- R' ml(u)- 0 for lui > 1 ' 
then (6.1) is of the form (1.4). In view of (5.5) and [30, p. 22 (6)] we have 
m; (v) = 2n12 r (~ + 1) lvl-n/2 Jn/2(/v/), 
which yields by an elementary calculation using the power series repre-
sentation of the Bessel-functions 
l . [enmi(e. lr(v) -1 _ 1. m;(Rv) - 1 _ _ 1 2 
liD 2 - lffi RZ - ( v . 
Q-+00 (!- R-->-0+ 2 n+2) 
Thus the condition (3.1) is satisfied with cp(e) = e-2 - R2 and 
( ) - 1 2 
"P v -- 2(n+2) v 
and we may therefore state 
Theorem 6.1: Let f ELp(En), 1,;;;p,;;;2. Then 
a) The approximation IIM1(f; · ; R)- f( ·)liP= o(R2) as R-+ 0 + implies 
f(x)=O a.e. 
1) Written communication by G. WEISS. 
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b) The following relations are equivalent: 
(i) [[M1(f; · ; R)- /( · )[[p =0(R2) (R--+ 0+ ); 
(ii) there exists for p= 1 a bounded measure f-l and for 1 <p <, 2 a function 
g E Lp(En) such that 
1 1 (6.2) - 2 (n + 2) v2 f"( v) = J-lv(v) for all vEE"'; - 2(n + 2) v2f"(v) = g"(v) a. e.; 
(iii) the functions R-2{MI(f; x; R)-f(x)} converge weakly* as R--+ 0+; 
(iv) for 1<p<,2 the functions R-2{Ml(f;x;R)-f(x)} converge strongly 
asR--+0+. 
Thus the spherical averages (6.1) of a function f E Lp(En) give saturated 
approximation for 1 <, p <, 2 with order O(R2) as R --+ 0 +. The corresponding 
Favard class is precisely characterized as the class of functions f which 
satisfy anyone of the equivalent conditions of part b). 
Proof: Part a) and b), (i) => (ii), are consequences of Theorem 3.1 
and 3.2. To prove part b), (ii) => (i) let us consider the spherical average 
M1(df-l; x; R) of the bounded measure f-l at the point x with radius R 
(6.3) F((n/2) + 1) M1(df-l; x; R) = ,.12R"' f dJ-l(u). 
n lx-ui.;:;;R 
It follows that {6.3) exists everywhere, belongs to L1(En) and satisfies 
[[M1(df-l; · ; R)[[1 <, J ldf-ll· Furthermore, the Fourier transform of (6.3) is 
given by [M1(df-l; ·; R)r(v) =mi'(Rv)J-lv(v). If now the representation 
(6.2) holds one may by an elementary calculation show that for p= 1 
2(n+2) R 11 [M1(f; ·; R)- f( · )]-"'(v) = R"' J 'YJ"'- 1 d'fJ J -r[M1(df-l; · ; -r)]"' (v) d-r, 
0 0 
(6.4) 
from which we conclude by Fubini's theorem 
Now an application of the uniqueness theorem for Fourier transforms 
gives 
(6.6) 
almost everywhere for every fixed R > 0. But this finally implies 
2(n+2) R 11 
[[M1(f; · ; R)- f( · )[[1 < R"' f 'YJ11 - 1 d'fJ f -r[[M1(df-l; · ; -r)[[1d-r<, R2 f jdf-ll· 
0 0 Ff1' 
The proof for 1 < p <, 2 is very similar. Here the interchange in ( 6. 5) 
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follows by an argument analogous to that used in the proof of Lemma 4.1. 
Instead of (6.6) we obtain the representation 
(6.7) 2(n+2) R '1 M1(/; x; R)-f(x) = Rn J 'f)n-ld'f) J rM!(g; x; r) dr. 
0 0 
Thus the equivalence of the conditions (i) and (ii) in part b) is established. 
As in the preceding examples we in particular obtained by the last 
argument that if for f E Lp(En), 1 < p.;;;;; 2, there exists a function g E Lp(En) 
such that- 2(n1+ 2)v2r'(v)=g"'(v) (a.e. in case 1<p.;;;;2), then the repre-
sentation (6.7) holds which implies the strong Lp-convergence of the 
R-2{M1(f; x; R)-f(x)} towards g(x). Since the converse is also true by 
part a) of Theorem 3.1 and 3.2 and since the assumptions of Theorem 3.4 
are satisfied the proof of Theorem 6.1 is complete. 
For a further characterization of the Favard class of the spherical 
average M 1(f; x; R) of a function f E Lp(En), 1 <;p<;2, as well as for 
another method of proof of the essential direction (ii) =>- (i) of part b) 
of Theorem 6.1, we may refer the reader to Theorem 7.2 and Theorem 8.1 
of Note III. 
We will now briefly discuss the saturation problem for the second 
spherical average of the function f defined by (e = 1/R): 
(6.8) 
Thus M2(/; x; R) is a singular integral of the form (1.4) and since 
the condition (3.1) is satisfied with cp(e)=e-2- R2 and '!f(v)=- - 1-v2 
Therefore n + 2 
Theorem 6.2: Let fELp(En), 1.;;;;p.;;;;2. Then 
a) The approximation IIM2(f; · ; R)- f( ·)lip= o(R2) as R--+ 0 + implies 
f(x) =0 a.e. 
b) 'Phe following relations are equivalent: 
(i) IIM2(/; · ; R) -f( ·)liP =0(R2) (R--+ 0 +); 
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(ii) there exists for p= I a bounded measure f-l and for I <p<.2 a function 
g E Lp(En) such that 
I I 
- --2 v2r'(t·)=f-t"'(v) for all vEE"; - --2 v2 f"'(v)=g"(v) a.e. n+ n+ (6.9) 
For the proof we only mention that the representation (6.9) for e.g. 
p = I implies in turn the relation 
n+2 R '~ (6.IO) Mz(f;x;R)-f(x)= Rn f'YJ"- 1 d'YJf<Ml(df-t+Ml(df-t;·;R);x;<)d7: 
0 0 
almost everywhere for every fixed R > 0. 
If we compare Theorem 6.I and 6.2 we see that the approximation 
of f by its second spherical average has the same order and class of 
saturation as that of the first spherical average. Thus all higher ordered 
spherical averages possess the same behaviour concerning saturation. An 
analogous remark is true for all other kernels considered in the last 
sections and the respective kernels which might be constructed from them 
iteratively by convolution. 
Technical University of Aachen 
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